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Clough [1] described an assumed stress rectangular element by directly computing the element stiffness matrix 
of a plane stress element from the five-parameter stress field in the local coordinates based on the 1956 paper by 
Turner et al [2].  In this paper, the element stiffness matrix of an arbitrary four-node quadrilateral is derived in 
a more general manner for plane elasticity problems, based on the assumption that the constitutive equation and 
the strain-displacement relationship are satisfied exactly following the above mentioned Clough’s method.  
Carrying out the exact integration of the strain components leads to displacement functions containing the zero-
strain-energy rigid body motions.  The direct integration of the linear normal stresses results in a quadratic 
distribution of the displacement and failure of the standard patch test.  Despite this violation, the 
nonconformity allows the element to become more flexible in bending, and more importantly insensitive to 
element distortion.  Numerical examples show that this element is immune to distortion even for a large aspect 
ratio [3], which is the most essential quality in real analyses.   
 

Aspect Ratio=1 Aspect Ratio=10

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1
Amount of Distortion

Ti
p 

D
ef

le
ct

io
n

0

2

4

6

8

10

12

0 0.2 0.4 0.6 0.8 1
Amount of Distortion

Ti
p 

D
ef

le
ct

io
n Clough

Q6 (2X2)
QM6 (2X2)
ASE (2X2)
SRI

 
 
The method of stiffness matrix derivation for the four-node quadrilateral is also extended to higher order plane 
elements and three-dimensional solid elements.  The six-node triangular and nine-node quadrilateral elements 
as well as tetrahedral and hexagonal solid elements are developed based on similar internal stress assumptions 
which satisfy the compatibility equations.   
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